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QUANTUM MECHANICS AS A THEORY BASED ON THE 
GENERAL THEORY OF RELATIVITY 


Eliade STEFANESCU! 


Rezumat. [n aceasta lucrare, obtinem dinamica cuanticaé in cadrul teoriei generale a 
relativitatii, unde o particula cuantica este descrisa de o distributie de materie, prin functii 
de amplitudine ale densitatii materiei, in cele doud spatii conjugate ale coordonatelor 
spatiale si impulsului, numite functii de unda. Pentru o particula liberd, aceste functii de 
unda sunt pachete de unde conjugate in spatiile coordonatelor si impulsului, cu faze 
dependente de timp proportionale cu Lagrangeanul relativist, in timp ce vitezele undelor in 
spatiul coordonatelor sunt egale cu viteza distributiei descrise de pachetul de unde din acest 
spatiu. Din vitezele undelor functiilor de unda ale unei particule, obtinem forta Lorentz si 
ecuatiile lui Maxwell. Pentru o particula cuanticad in camp electromagnetic, obtinem ecuatii 
dinamice in spatiile coordonatelor si impulsului, si functii de unda pentru particule si 
antiparticule. Obtinem rata de imprastiere intr-un camp electromagnetic, pentru cazurile 


posibile, cu conservarea, sau inversarea spinului. 


Abstract. In this paper, we obtain the quantum dynamics in the framework of the general 
theory of relativity, where a quantum particle is described by a distribution of matter, with 
amplitude functions of the matter density, in the two conjugate spaces of the spatial 
coordinates and of the momentum, called wave functions. For a free particle, these wave 
functions are conjugate wave packets in the coordinate and momentum spaces, with time 
dependent phases proportional to the relativistic lagrangian, as the wave velocities in the 
coordinate space are equal to the distribution velocity described by the wave packet in this 
space. From the wave velocities of the particle wave functions, we obtain lorentz’s force and 
the maxwell equations. For a quantum particle in electromagnetic field, we obtain dynamic 
equations in the coordinate and momentum spaces, and the particle and antiparticle wave 
functions. We obtain the scattering or tunneling rate in an electromagnetic field, for the two 


possible cases, with the spin conservation, or inversion. 
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1. Introduction 


The theory of relativity describes a continuous distribution of matter [1], in a 4 - 


dimensional physical system with the time-space coordinates, 


ex (4) ae ow Se (ce, i=1,2,3. (1) 
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Following Dirac [2], we consider a larger N -dimensional universe with the 
coordinates 


2 WSN (2) 
as a flat one, with any time-space interval ds , 
ds* =h, dzdz”, (3) 


determined by a constant metric tensor h 


mn ? 


where our universe is a hypersurface 
defined by N—4 equations, 


ear (x), n=l, 2,.....,N—4. (4) 


In this universe, our physical hypersurface is curved by the presence of matter, 
according to the equivalence of the inertial and gravitational forces, as the time- 
space interval, 
ds? =h,,2" 2" ,dx"dx? =g_,dx*dx*,  n,m=1, 2.....,N—4, (3) 
depends on the metric tensor, as a symmetric function of the coordinates, 
— — n m v\_ n Vv (6) 
Bap = 8 pa = Mam ™ a (x")< p (x )= ene (x")z p (x ). 
Essentially, this theory is based on the invariance of the time-space interval for 


any coordinate transformation, which, for the proper timez defined by this 
interval 


ds =cdt =4/g,,dx“dx? Sigs de, a, B =0,i(1,2,3), G5 > 0; o<0; (7) 


as a function of the velocities 


Be Oe (8) 


leads to the fundamental equation: 


V Sapviv" ae (9) 
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For a quantum particle, we consider a distribution of matter in the space of the 
coordinates x = (eam x ) , and in the space of the momentum p = ( p'.p’s p) : 


2 (10) 


with the amplitude functions, which we call the wave functions [3-6], 


i 


y(x'.r)= - fo(pi.ret Weep 


(2 ny aa 
1 : —=| pixie iyi) 
ae (20) fu(xirjenr Mea, 
satisfying the normalization conditions 
[lv (x0) dx = fle(p.o d’p =I. (12) 


For a free quantum particle, these wave functions depend on the relativistic 


Lagrangian 
L(p’,x’)=-Me*}g,,v°v" : (13) 


and the momentum 


ye OL = Mc O (g vv" +2 vty!) 
ai! alev') ate gv"? a(vi) : (14) 
=—Mcg jv", 


with mass M as a characteristic of continuous matter dynamics. We note that, the 
velocity of any wave of the wave packet (11) in space, is equal to the velocity of 
the wave function defined by this wave packet, 
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[Ae] = ae ee, viv? +9 vy!) 
GE aye OD" 2.) Sagvv" A(g,.v") - 


(15) 


as the time variation of any wave of the wave packet (11) in the momentum space 
takes the form of the gradient of a potential: 


2 a, p 
( d P'| _ OL 6(-Me Sap ¥ yi —Mec?v7v" 6 P 
=  --—__ ha ——-"_2: a ap 
dr wave Ox! Ox’ 24] 8 apV vf Ox! (16) 


1 2,,a, B 
mee cues V" 8ap.j° 


For a non-relativistic velocity, with the kinetic energy 


MF Bp 
M(P)=— = ay me 


and a potential energy U(r’) , with the Hamiltonian 
H(p,F)=T(p)+U(F), oo) 


as the Lagrangian is 


(19) 


the wave functions (11) take the form 
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(anny 
GaP fen Moa. Nap 
“ta j ~{p7-[7(p)-U(7)}} (B,t)ap - 
o(3,t)= can! ~A BFL hy (F,t)aF 
: ae fen erry Ger 
aap le wee 


In this case, the wave/group velocities of these wave packets are of the form of the 
Hamilton equations: 


[F) - AF 3 Sap 

dt ve OP M Op (21) 
dp CULT)! . Osh 

-2| f= =-—H (7,7). 

(# iz mae Ca, 


We conclude that the distribution functions (10), with the amplitude functions of 
the form (11), represent distributions of matter, as amplitude functions of the mass 
density, with the total mass M,, obtained from the integrals of these functions, 
equal to the mass M as the dynamic characteristic of matter density described by 
these functions — the matter quantization rule: 


| eu (x'.7)@x=M,fly(x.2)) d'x=M,||p(p'.z)) dp =M,=M. (22) 


2. Quantum particle as a distribution of matter with finite density 


In the conventional quantum mechanics, a quantum particle is a punctual entity, 
randomly occupying position coordinates with probabilities given by the particle 
wave function. This model raises two fundamental problems. The first problem is 
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that of the wave function interference/diffraction: for instance in a two slit system, 
although a punctual particle can pass only through one slit, it reaches the screen 
according to interference model (see Figure 1), like as the particle knew somehow 
about the existence of the other slit. 


Fig. 1. Quantum particles, hitting a screen with a probability given by a wave function describing a 
two-slit interference. 


In this way, the conventional quantum mechanics is a science of probabilities, not 
a science of the physical entities. The second problem is that the state of a 
conventional quantum particle, as a punctual entity, can be described by a system 


of time-space coordinates (t,x). According to the general theory of relativity any 


differential element of the time-space 
ds = Vc?dt? —d? (23) 
is invariant for any change of coordinates. An interaction with an external/non- 


gravitational field leads to a time-space variation, which, for the simplicity of our 
inference, we suppose as a small one, dt << dt, Ox << cdt. This means a variation 


of the time-space interval 6s of the form: 
ds+ds=,Jc? (dr+ dt) ~(dx+ 5x) = 


= ds? + 2c*dtét —2dxdx = ds, }1+ 


c’dt* — dx? + 2c*dtdt — 2dxdx 
———_. vv’ 

ds? 
2c*dtdt — 2dxdx 


ds? 


(24) 
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Thus, by this interaction, we obtain a velocity increase 


dt dx 6s dx? (25) 
+ ]- 
cdt 60x c dt? 


induced by the field to a particle with the velocity = . For a particle at rest, 
t 


dx _ 9 Ox Ox (26) 


we obtain a time-space additional time variation 


OF tx. (27) 
ot 
With this expression, equation (24) takes the form 


ds +6s =cdt+cdt =,4]c? (de + ot) ~8x° =Vc'dt? +2c’dtét +c’ dt? —dx° 


Ot ot 6x 
= cdt 1+—+ 5 os ae IS 
dt 2dt 2c‘ dt 


leading to a velocity equal to the light velocity, 


Oia (28) 
ot 


which means a null mass. This result is in agreement with the Standard Model, 
where the quantum particle mass is only obtained by coupling with a field of 
Higgs Bosons [7, 8]. However, here we notice that this null mass for any quantum 
particle is only a result of the general theory of relativity for a punctual particle, 
characterized only by a system of coordinates. A quantum particle as a 
distribution of matter described by wave functions of the form (11), or (20), has a 
non-null mass, according to the general theory of relativity. In this framework, the 
matter of a quantum particle in a two slit system, as it is represented in Figure 1, 
propagates through both slits, naturally leading to an interference of the wave 
components corresponding to these slits. A point in this figure does not represent 
a particle reaching the screen, but a localized molecular system interacting with 
the quantum particle matter, comprising all these systems. 
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3. Matter density and conservation 


We consider the quantum matter in an arbitrary time-space volumeQ, as an 
integral of the matter density in this volume, for two arbitrary systems of time- 
space coordinates § and S$’: 


[e(x") Faded? = p'(x! )dx"de"de de’ 2 
depending on the Jacobian 
J = det ie) ; (30) 
From the tensorial transformation of the metric tensor 
a See a ; (31) 


we obtain the Jacobian as a function of the metric tensor determinants g and g’, 
5 en ae 
eg! (32) 
Taking into account that the matter density is scalar, 
p(x") =p(2"), 


the relation (29) takes the form of the invariance relation 
Oy cla a rf oe F130) 9 Sau eae (33) 
|e (=) V-8 dx dx!dx?dx =|. (x!) J-e’de dx" dx dx” , 


as an integral of the scalar density p(x" ) 8 . 


We consider the matter flow density 


J" = pv", (34) 


as the product of the matter density 9 with the velocity in the local time, v", with 
the null covariant divergence: 


J" =0. >) 
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From this covariant divergence 
SI Hd Sl (36) 
as a function of the Christoffel symbol [2, 3] 


1 


1 
lee a oe Ce a § iu.v - 8a) 7 58 Bins 


(vs) 


(37) 
— 1 WV 


- 78 by = se). (=3),= in re 


we obtain the ordinary divergence of the scalar density of the matter flow density, 
as the scalar density of the covariant divergence of the matter flow density, which 
according to (35) is null, 


(I's) = Jt yl-g =0. (38) 


By integrating this equation with the expression (34) over the three-dimensional, 
spatial volume V , with the Gauss theorem, we obtain the conservation equation 


oO (hg EES | eee m [42 39 
ale J-gd°x lev gd’x, (39) 


of the time variation of the matter density integral over this volume, by the matter 
flow through the surface of this volume. In the non-relativistic case, v” << vol, 


=> 


P=pv0p, J”™=pv" po (40) 


we obtain the classical form of the matter conservation, 


(41) 


O 
—| pd? =- ge 
ae r ag r 


4. Quantum dynamics, density function, and density operator 


We consider the general wave functions (20), with the Lagrangian (19) as a 
function of the Hamiltonian, 
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vere (2 ae foparyen OM ars ony, (7.1) 
1 
lf pel p#-H(p.F) 1 lig 42 
nee (2 pe lela NON ae 6 9 (Bt), = 
1 


a ee . 
of the form of the propagation operatorse” ,e"” applied to the time dependent 
wave functions y, (7,t) and g, (p,t), as solutions of the dynamic equations 


., O 7 + nen = 
MY (7,1) = | pr -H (p,F) |y, (7,1) 


., 0 me oe — 2 
in—9,(Bt)=-| pr-H(P,7) 9, (Bt), (43) 


From the first expression (10) with the first wave function (42), we obtain the 
matter density 


=My, (7.t)y,(7.t)=M p(7.t), (44) 
depending on the density function 
pra (Any (Fav Faw (Ft) =F ly.) |?) 
=(Fle(s)|7), (45) 
as the diagonal element of the density operator 


P= )(vI- (46) 


At the same time, for the first dynamic equation (43), with operators applied to the 
wave functions, 


Fly, (t))=-=[F—H (3.7) Flu, (0). a7 


we consider the form with operators applied to state vectors, 


v(t) =-2 (7|[pF-H(B7)]Iv, (0). (48) 


7-0 
(7 Ot 
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Thus, for the time dependent state vectors we obtain the dynamic equation 


v())=—<[pF-H (BF) w(9) 


With this equation, we derive the dynamic equation for the density operator (46), 


0 0 0 
a =a lv Ow Oly Oa. Ol a 
=-5 L(B.F lv. ()) (vs (+5 |.) O|L(B.?). 
We obtain the dynamic equation of the density operator 
© a(t) =-=[ 1 (7,7) p(t) ]=-| BF H(p,7). p(t) ]. oH) 


Ot 


5. Quantum dynamics and matter conservation 


We consider the first dynamic equation (43) of a quantum particle with an 
energy H ( DF ) = E, with the explicit momentum operator, 


O “3 i rr = (52) 
— r,t)=——| hr ——E ly, (¢,t), 
ai V(t) *( oF Juet ) 
which, with its complex conjugate form 
— r,t)=—| ihr ——-E ly, (7,t), 
aie (Ft) *( aF \v (71) 


O 7 O bs O 
ay PE = a (Ft)y,(7%t)+y, (7 ‘V(r t) 
if... 0 ae i, ent 10 big 
=2{ int 2-2 ye (radu (Ft)—we (ra)a( int 2-2 \w. (Fa) (58 
=-r —p/(7,t) 


Thus, for the density function, we obtain the conservation equation 
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< p(7.t)=< plF.t}+?-<p(Ft)=0, (55) 
with the integral form 
<I p(7.t)e'r=- fp (Fr) fF =F (FF t) er (56) 
V Ly Ly 


of the time variation of the matter density p(7,t) in an arbitrary volumeV , as a 
flow with a flux density 


I(#,7,t)= p(#t)F (57) 


through the surface X,, of this volume. The null total time derivative of the density 
function (55) describes a quantum particle propagating in space as a 
constant/invariant distribution of matter. 

In the case of a non-relativistic velocity, for a particle in a potential of 
energy U (7) , the first dynamic equation (43) and its complex conjugate equation 
take the form 


ets | a oo Se —U , r , 
"OF 2M oF hh (7) wl ‘ (58) 


el oO TRE sO. SAla ys ates 
ar (ra)=|-#2 +t Stole (758), 


By multiplying the first equation with the complex conjugate wave function, and 
the second equation with the wave function, and integrating over an arbitrary 
spatial volume V , we obtain 
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a | et) 7 = ag Ye OY, (7,1)d°7 


s O k fo ko O = = 
: vray, (Fn+y, (Fat) Eu, (r) a 


-§ [v; (Fav, 7.1) 


This equation is of the form 


{fear =f), (Fear, (09) 
Ors, = 
depending on the quantum matter flow density 
eek, a = x (> O = => x (= 
I, (iit)=F oF.) + | (7.1), (F.0)-y, (AY, (rt). (60) 


which, besides the drift term (57) proportional to the velocity, contains a diffusion 
term, proportional to the gradient of the time dependent wave function. 


6. Fermi’s golden rule for a quantum particle as a distribution of matter 


For a quantum particle with a Hamiltonian Hal D, r), we consider a scattering 


/tunneling process described by a perturbing potentialeV with a_ strength 
coefficient ¢ [9], described by the dynamic equation (51), 


— p(t) =-=[ pF H(B.7)-2V.p(?)] =-2[1(3,7)-eV.p(t)]. (61) 


For the interaction picture operators 
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a BF )t 


p(t) =e ee : (62) 


(63) 


With a series expansion of the density operator 
B(t)= A (1) +5" (1) +e°B(1)+.. (64) 
this equation takes the form 
<p" (1) + eB" (1)+ 278 (1)... 
= “(eV (1). p” (t)+ — (t)+ eA (1) +... 


with the components 


(65) 


As solutions of the first two equations, we consider the time independent zeroth 


order tem 


(0) =[0) (0, (66) 


and the time dependent first order term 
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i | 67 
~(1 (4h ~(0 r 
Ap (t)==[[V(r),A lar (67) 
hy 
as the third equation takes the form 
(68) 


From these equations we obtain the decay rate of the particle, by a 


scattering/tunneling process from the initial state | 0) to the final state | i ) : 
(69) 


O ie ‘ 1 pra > ' t '\17 ’ 
=< (i/A()|H) = JV (Va (4% (Va (0) Jae 
0 
From the expression (62) of the scattering/tunneling operator, we obtain the 


matrix elements of the form 
~ i A(1-1p)t ae Bo —1(1-1p)f 
Vio (t) = (iV (2)]0) =e? Vio» Voi (t’) = (OlV (#') |) e* Vo; (70) 
sry Woe —(L,-ly)t" ~ ~ ->(Lj-lp)t 
Volt)=(IV(P))0)= 08 ""'V,, Va(Q= OW Ol)=e MY, 
With the notation 
pete (71) 
h 
the decay rate (69) takes the explicit form 
_ O ag = 1 f 2 (ia, (t-t') -i@,(t-t’) ’ 
T= 5 Fi) = 53 [lal (c +e )dr 
2 4 
= Mal cos| @, (t-t )] dt (72) 
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Fermi’s golden rule refers to the scattering/tunneling rate of a particle from an 


initial state|0) to a final state of a channel(i)=(|4),{i,),... jiy)), with a 


density g(@,), 
Ome (\_ 2 hy P 7 sin(@t) = 
Ty = ars P(t )= 3 Mal g(a) ee = WV al g(a ae ( ) 


—00 I 


A non-relativistic particle in a potentialU(7), in an initial time dependent 
state y,, (7,1) , of energy E,, under the action of a scattering/tunneling operator V 


[9], reaching the final state y,, (7 ,t) , 1s described by the dynamic equations 


a hn oO & _ 2s 
(H+ V Wal) =| 2 SUF) +V WalF)= Ei (Ft) 
ss ho PO) eee topes (74) 
AW, @)-|-% Zu (7.1)=Ey, (7,0) 


From the difference of these equations multiplied withy,”(7,t) andy,,(7,1), 


integrated over the volumeQ mainly occupied by the initial state, we obtain the 
matrix element 


2 2. 


ir ee, 7 igs xs 
Vio = IM itz ee eae (ra) a 


ally <a (7, t)—WiolF, ev, (7, ‘arr 


(75) 


7. The Maxwell-Lorentz equations as characteristics of a field interacting 
with a quantum particle 


We consider a quantum particle with the wave functions of the form (20), 


y (7,1) = Ta? J o(B,r)en Uap 
ya 
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with a Lagrangian which, besides the relativistic term includes additional terms 
for the interaction with a field, with a vector potential A(7,r) conjugated to the 
coordinates, as in the Aharonov-Bohm effect [10], and a scalar potentialU (7) 


conjugated to time, that we call the electric potential [3-6], 


ay 
L(ri.t)=—Me fi-F eu Fl eellra)? (77) 
Cc 


Here we considered only the vector potential as a function of time, as the electric 
potential is only a function of the spatial coordinates, as in the problems of 
interest of the atom field interaction [11-14]. From this expression, we obtain the 
canonical momentum 


pes (7.7.1) = wT eA(F,t)= pteA(F,t), a 
Or ie 
as a sum of the mechanical momentum 
_ Mr 
ae (79) 


with the electromagnetic momentum eA(F Aap With these expressions, we obtain 


the Hamiltonian 


H(P,7,t)= P?-L(F,7,1) 


sd aaa (ey) 7 -|—Me' [= -e (7) +eA(F,1¥ | 
2 (80) 
Mc? - 

= 5 +eU (¥)=cE, 
ae 


as constant of motion cE, which includes the mechanical energy of the particle 
and the potential energy of this particle in the electromagnetic field. With (78), 
(79) and the algebraic relation 
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Mic MF a8 Mie (81) 
2 2 7 

(Ss 1S 
C C 


one obtains the Hamiltonian 
H(P,7) =c,/M*c* + p° +eU(F) 7 c,{M 7c? +| P-eA(7.1)] +eU (7) (82) 
= CE, 


as the wave functions (76), with this Hamiltonian as a constant of motion E,, take 
a form 


(83) 


From the first wave function, we obtain wave velocities in the coordinate space, 
dr O fae + 
dt wave 0 


equal to velocity 7 of the matter distribution described by this wave function. 
From the second wave function (76) with the Lagrangian (77), we obtain the time 
variation of the momentum (78), as the velocity of this wave in the momentum 
space 


pre A(#,t)=<1(F,7,1)=-eLu(F)+eL[A(Fr)F]. 85) 


With the second term of this expression from algebraic relation 
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Fx| Soe (ra) |= S[HACr)]-(? ZA), 


depending on the magnetic induction 


eel 


(7.1)= Sx ACF), 


we obtain Lorentz’s force 


& p=-e Lu (F)-e 5 AF) +B (Fa)4[ FS JAC) 
eee U G8" AGP OESBOD) 
Or Ot 
=eE(F,t)+FxB(7,t), 


as a function of the magnetic induction B(7,r), and the electric field 


From the divergence of the electric field (89), with the gouge condition 


<A(F.t)=0, 


we obtain the Gauss-Maxwell law of the electric flux, 


with the electric charge density as a source of the electric field, 


25 


(86) 


(87) 


(88) 


(89) 


(90) 


(91) 


(92) 
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O = on 
7)=e,—E(7,t)=-e, —U(F), (93) 
p(?) =) SE(F.1)=-4, <u (7) 
depending on the universal constant é, called electric permittivity. From the curl 


of the electric field (89) with (87), we obtain the Faraday-Maxwell law of the 
electromagnetic induction, 


<xE(7.1)=-2B(F.1). (94) 


From (87), we obtain the curl of the magnetic field 


os Oe oe. ale- x. 
~ x B(F,t)=<x| £xA(7,1) |=] A(z) |-S Al, 
ee ox 2 ( ) 2\2 ( i) apt AUP) 
Boas 
= Al7.t), (95) 


as a function of the Laplacian of the vector potential A(7,r). We consider this 


vector potential, interacting with a quantum particle, as a wave propagating with 
the maximum matter velocity c , in a dissipative environment with a decay rate y , 


Caner pls sapere O 75 
© AG)=4| SAG) +7 2A.) (96) 


Cc 


From the expression (95) with this Laplacian, 


O =. 1| 0 =. O +r, 
2B F1)=4| 2 8(F1)-7 2.40.9) (97) 


we obtain the Ampére-Maxwell law of the magnetic circuit, 


Sx B(F,1)=F+6 = E (7.1), (98) 


depending on the electric permittivity €,, the magnetic permeability 41, , 
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1 
Eq Hy co > 


6 0. 

ap EUR) = Mo (71) 

© H(#,t)=](F,1)+e,—E(F,1) 
OF "08 
a ee: 

Or Eo 

<fi(,1)=0 


8. Dynamics of a quantum particle in electromagnetic field 


Ps | 


(99) 


(100) 


(101) 


(102) 


We consider a quantum particle in electromagnetic field U (7 ), A(7,t) , described 


by the wave functions (83), 


with a Hamiltonian of the form (82) 


(103) 
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H(P,7) =C Mc? +p +eU (7) = cM 7c? +| P-eA(7.t)] +eU(F). 


For the first term of this Hamiltonian, we consider Dirac’s form 


a,Mc +a, P'—eA'(7,t)] 
Hae +eU (7) 
+a,,| P? -eA’ (7,1) |+a,| P*-eA’ (7,1) | 


=a,Mc* + eU (F)+ca,| Pi —eA! (7,1) |, 


depending on Dirac’s operators 


1 0 0 oa, ; 
Ay = |) @&= 6 BH 2.3% 
0 -l o, 0 


as functions of the Pauli spin operators 


0 1 0 -1 1 O 
Oo. 1 = 3 0» aad Wa ’ 0; = ’ 
1 0 i O 0 -1 
with the algebra 


0,0; =1€ 0, , 


where €,, is the Levi-Civita symbol, the anticommutation relations 


el 20 
joG,}=25.1, i-() ¥ 


With these relations, we obtain a similar algebra for the Dirac operators, 


AA, =1E 4A, » 


with the anticommutation relations 


28 


(104) 


(105) 


(106) 


(107) 


(108) 


(109) 


(110) 


(111) 
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. - {1 0 
(ee S200. 71 — 1 bv =0,1,2,3, Oe 
0 1 
and the normalization relations 
iy 113 
a, =1. (113) 


With the Hamiltonian (105), the wave function (103) in the coordinate space, 


W(71) s = |Pe | Pi (ae? reU(F)+ca,(P! CM (Brae 
iar -et(P}reca,ai(Pa) man”! eH teomen aCB rae 
[a 


=e 


(114) 


z eee ji (Ft) |h 


v,(7.t)= By, (Fst) 
takes the form of the time dependent wave function 


= 1 fea omen oe rare . (115) 


with the propagation operator of the quantum particle in the electromagnetic field, 
Ae Ca det (116) 


which, besides the coordinate dependent phase + P -F for a free particle, where P 
is an operator and fis a variable, also includes a time dependent 
phase i] -eU (7)+eca,A’ (F .t)|t , depending on the electromagnetic potentials. 


With these expressions, andP as a variable and7as an operator, the wave 
function (103) in the momentum space, 
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1 oe a [eoMe?-+eU(F}+ca,( P/-ea! (7.1) 
“Gaye iG dF 


(27h) ie Leal] 7 ; 


e 
1 i Bz i PF-( ayMc? tea ;P/ t 1 Be = > 
= —__ 372 © H few ( ; } ° VY, (ra ler 


(117) 


takes the form of the inverse propagation operator 
pi (118) 


applied to a time dependent wave function in the momentum space, as an integral 
over the coordinate space, 


9, (P.r) = 1 = feat eevee oy a) dr 


2h) 


_ 1 (ee )| a [ BF (Me +cat ;P Hoo( 


: Pui))ePer 
(27h) 


i ps_p.c_| pre oe i 
ie r-P-F [Pr (aMc tea ;P )Ir 


— ol ett gal (aqMc?-+ca,P!) : Par 
oP 


| | (119) 
Z eT ten (aM? rea P!) | eae eornr oP) oP -P)d°P' 


= er g(P,t)= Po(P,t). 


With (114), the two coupled wave functions (103) with the Hamiltonian (104), of 
a quantum particle in an electromagnetic fieldU (7), A(7,r), take the form 
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HF) efoto) oP 
= pet (5) = By (Ft ti) 
o(B.1)= ay ferry (.2)a% = Py, (Bt), 
as functions of the propagation operators in vacuum, 
Par (121) 
and in the electromagnetic field, 
Pua mane eer 
and the two coupled time dependent wave functions, 
y,(F.t)= an? f a ON ag (P.r)a°P 
(123) 


9, (P,t) = mall gl omer Nh ay, (2 a) eF, 


with contravariant components of the momentum. However, to solve these 
equations it is more convenient to use also the similar equations with the covariant 
components of the momentum. In this case, the Hamiltonian (104)-(105) is of the 
form 


AS c,|M °c? + p (7.t) +eU (7) =c,{M °c? +| B-eA(F.)] +eU (F) 
‘ean Re —eA, (7,1) | 


= wie 
: Oe awa” (7) (124) 


= a,Mc* +eU (F)+ca, | P, —eA, (7,1) ]. 
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In this case, the first wave function (103) of a particle in the electromagnetic field 
is of the form 


v (Ft) _ 1 j | BF (Pi-{apMc?+eU(F)+carj[P, Wo Bs) aP 


_ SP ral oleae Gan fen a (B.r)a° = ee 
z oahu lrjveee Ate (#1), 
of the propagation operator of the particle in electromagnetic field 
POG AG) sa rae (126) 
applied to the time dependent wave function 
y, (7.1) = Gan few? omntll oes), (127) 
which, with (119), is 
v, (F,t)=——<5 | See as (P.r)a°P. (128) 


(27h) 


We obtain a time dependent wave function in the coordinate space similar (123), 
but with covariant momentum components, 


y,(F, )= 1 = fen omen ap (P.t)a°P 
(27h) | | (129) 
‘ (B.1) 7 : ri f “LPF {aoe a aie (F,1)a°F 
WU 


From these time dependent wave functions, we obtain the two coupled equations 
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in<y, (7,t) = | Pr —(aMc’ +ca,P,) |y, (7,1) 


1 f ~“| Pi'-(ciyMe? +caP, eee oO 


(2 ny” 3s Or 
in<9,(P,1) =—[ PF—-(aqMc? +ca,P’) ]@,(B.t) 
itp: aa (130) 
—| P#-(ayMc?+ca;P/)|t —P-F,. O - 7 
sg ( Me P )| os in—w, (Ft) oF, 


where A°*P and A’? are the particle dimensions in the two spaces, of the 
momentum and of the coordinates. Due to the translational symmetry of these 
equations in the coordinate and momentum spaces, the integral terms with the 


1 pz 1 pz 
exponential factorse " ande” reduce to null, as this system of equations takes 


the form 
ey (it) = | Pr -(aMc’ +ca,P. ) |v, (7,1) 
. (131) 
Me (P,1) = -| PF -(aMe" +ca,P! )] QD, (P,2). 
With the momentum operators 
be 3O; oe. 30 i fa og 50 132 
P=BqP'=Posih—G=ih—, R= g,P'=—P'=ih—,, oe) 
these equations take the form 
E20) = = ae 0 = 
sen (7,t)= i -{ age +ihca, 7] y,(F,t) 
x 
(133) 
ac0 - = 2 : 
We. (P.1) = -| Pr —(a,Mc —ca ,P, )| Q, (P.t). 


Multiplying these equations witha, , we obtain the dynamic equations 
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inl f! 2 eeR” Wy Ga\=e 
ox" c}) tS? 
7 .. 
[ y“P,-Mc+yP ‘| , (P.t)=0, 


as functions of the Dirac matrices 


, 1 0 1 0\(0 «a 0 
y =A) = a | y =A4a; = A — 
0 -l 0 -1)\o, 9) \-@; 


which satisfy the relations 


0 i 
YY =H Aa;, =a; 

£50 
VV = HAA) =—-AA)a;, =a; 


beep = 2 me 
VV!) = AA AA, = A, A, = AE, A, 


For a flat space, 


these matrices are elements of the Clifford algebra 


oe er gi” ~0, ge =1, gi=-l, 


yey 
with the normalization relations 

oH a 
With the conventional notations of the quantum field theory [7], 


g=y'd, 
Dwi 


the dynamic equations (134) are of the form 


34 


(134) 


(135) 


(136) 


(137) 


(138) 


(139) 


(140) 
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| -in # -m(1-y°n) |y, (7,t)=0 


z 141 
[#-m(1-r%n)]o(F.)=0. as 
depending on the rest momentum 
m=Mc. (142) 


These equations, for the particle dynamics in the conjugate spaces of the 
coordinates and momentum, can be compared with the similar equations for a free 
quantum particle in [7], 


(id —m)y =(iy"p, —m)y =0 (2.2) in [7] 


(f -m)y =(r"p, —m)y =0 (2.1) in [7] ue) 


describing the wave function of a quantum particle y (7 ; pt) in the two spaces of 


the coordinates and of the momentum. Unlike these equations, our dynamic 
equations (134) or (141) describe the two conjugate time dependent wave 


functions y,(7,t) and 9, (Pt) , in the two conjugate spaces, of the coordinates, 


and of the momentum. In our dynamic equations (141), the interaction with the 
electromagnetic field is described by the dynamic function 


Pr Pp ze 


PR eC, | penn ae RD inerr ee eae 
mc M’c Co Mc.JM?c? + pr 


SS, (144) 


where P is a constant of motion. We notice that, for a free particle, A(7,r) =0, 


this dynamic function takes the value 


p (145) 


eee ree 


depending on the particle momentum 
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_ Mr (146) 


We note that for the ultra-relativistic case, 7-° +c’, this dynamic function takes 
very large values, 7, >>1. 


9. Wave function of a quantum particle in electromagnetic field 


We consider the algebraic dynamic equation (134), with a solution of the form 


P)Ou(P)= ae = n(?) 147 
dP }OHlP)= a) I (8) ~ 
u,(P) 


We obtain the dynamic equation 


u,(P) 
0 1 2 3 0 u,(P) 
[PR+YR +R +/P-m(I-7')|| -_ |=0, (148) 
u,(P) 
u,(P) 
depending on the Dirac matrices (135) with (107), 
10 0 0O 0 0 1 
pe) Det) 0-0 fl Oe Oe oh 0 
TG: 0e £ae hal IPO. 2k 20.26 
00 0 -l -1 0 0 0 (149) 
0 00 4 0 01 0 
- 0 01 0 ; 0 00 -l 
| ; , | 
0 i 0 0 -1 0 0 O 
- 0 0 0O 0 1 0 0 
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We consider a coordinate system with the x-axis in the direction of the 
momentum P , which is a constant of motion, P, =|P|, P =P, =0. In this case, 


the dynamic equation (148) takes the explicit form 


P+mn-m 0 P. 0 U, 

0 P,+my—-—m 0 =e u 
ee : *1=0. (150) 

=P, 0 —(P, +mn+m) 0 U, 

0 EF, 0 —(P,+mn+m) )\u, 


This homogeneous system of equations has a nontrivial solution for a null 
determinant, 


Po+my—-—m 0 E, 0 
0 Po+myn-—m 0 =F, 
ea 0 —(P,+mn+m) 0 
0 ie 0 —(P,+my +m) 
=[P, -m( -n) [2 m/( — 1+7)] - Pe [Py +m(1+7)]} 
oe [ P, +m(1+7) es m(1—7) |P, | oon) 


=|(F, +mn) — P, -m?| =(). 
In this way, we obtain the expression 
P,+mn=+E(P), (152) 
as a function of the particle-photon energy 


For a particle, with a positive energy (152), and a wave function of the form 


= 5 (?) , (154) 
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the dynamic equation (150) is 


hits lealeak® 55) 


We obtain the two dimensional equations 


0 
0. (156) 


(157) 


which is also obtained from the first equation multiplied witho, , 


he E- is, Hes E-m\(E+m “es 5P _/= 
(8) =— Fata, (8) Co Ns (8) FE a). 159 


With this relation, the wave function (154) is of the form 
ii, (P) 
u.(P)=| op |. (159) 
Ei (?) 
E+m 


For an antiparticle, with a negative energy (152), and a wave function of the form 
se 1 PE) 
“P)= (160) 


the dynamic equation (150) is 
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Een) 80 7) ae (161) 
Po, E-m)\ + (P 


0 
-o,P,i_(P)+(E-m)¢ (P)=0. (162) 


i (P)=25 (A)=- oF i (pyaas ar), (163) 


oy (P)=-2—7.(P). 6H 


(165) 


The two wave functions (159) of a particle and (165) of an antiparticle, depend on 
the matter-field momentum (78), 


P = p(7,t)+eA(F,1), ceo) 


and the matter-field energy (153), 


Bane +P, me 
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as constants of motion, including the particle momentum P(F,t) and the 


electromagnetic vector potential A(7,t) as correlated variables. We note that 


(159) and (165) are orthogonal wave functions: 


(168) 


With the spin eigenfunctions of a particle, 


1 0 
Dee al e wes (ie?) 
0 1 


we obtain the normalization relation of a particle wave function (159), 


Be ii, (P) 
= = ~+(3 =\ Po 
0 (Pa (F)=(a(F) a ()PE) op * 
E+m ~* 
techn. nN Pa, Re de! (170) 
=i,!(P)a,(P)+a,\(P) ant (P) 
E’-m |_ 2 ps E-m)\_4(s\- (s\. 2E 
- ce a.(P\a.(P)=( —*) .(P)a, (P) =a — 


With the spin eigenfunction of an antiparticle, 


1) (0 
w=!) | | ft atl, ae 
0) U 


we obtain the same normalization relation of an antiparticle wave function (165), 
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=0.1(P) Fo SF 5 (P)+0.1(B)x_(A) a 
m m 
E’-m | |i4¢sy- 75) _(E- apa pik . OE 
Exar (Etae ere e 
We consider the wave function of a particle-antiparticle system 
i, (P) ee 
u(P=an(P)riu(P=al gp ire] Exe I) ay 


lau," (Pu, (P) =a — : =, (174) 

and an antiparticle 
p 2E _E 175 
phn! (Pa (P) = pea a5 


We obtain the normalization conditions 


E+ 176 
lal’ =|sP -—™ ee) 


For the wave function (173) of a particle-antiparticle system, we obtain the 
normalization condition 
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u'(P)u(P)=lal'u."(P)u. (P)+|Af u."(P)u_(?) (177) 


= (el +/4f) 2E E+m 2E 


~ 


E+m m E+m 


We consider the wave function (147), as a solution of the dynamic equation (134) 
in the momentum space, of the form 


0(B)=—ru(P). ve. 


with the normalization length L,. We determine this length from the 


normalization condition of the particle-antiparticle wave function (117) or (119), 
7 _ipzg 7. (i) S28e.t24 cs 179 
o(F.t)=68 9 (P)= Tine tu (P)=0(). ive 


as a constant distribution function in the momentum space P. With this 
distribution function, we obtain the time dependent wave function of the particle 
(127), or (128), 


7 1 2 PF #(agMc? +ca;P;) t =1 BF = = 180 
nae few enemas, 
ip 


with the + sign, the —sign for a positive energy (particle), and the +sign for a 


negative energy (antiparticle), as an integral over the momentum domain A’P, 
giving the finite particle dimensions in the coordinate space. With this time 
dependent wave function, the particle wave function (125) in the coordinate space 
1S 


y(7,t)=e" ; y,(7,t) 
_ Pe eter) aor ertoo enh CB) ap 
TMLp ABP 
7 Zee t) |r 1 = f ¥ BF#(agMc? +ca,P; ) (P) GP. (181) 


=e e 
(27hL, ) ASP 
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The upper signs in this expression is for a particle, u(P) =u, (P). as the lower 


sign is for an antiparticle, u(P) =Uu_ (P) . With the wave function (173) and the 


normalization condition (176), we obtain the wave function of a particle- 
antiparticle system in an electromagnetic field, 


eli 
a E+m i (P 
y (F,t) = 1 as P#-(a Mc? +ca_,P, ) |t os (?) > 
2m eee ee, (2 iP) Js d°P 
3/2 a s 
(27AL,)” sp Ly (P) 
: Oe jA(F.t) 
OP _/= 
1 f Per aca) im E er v_ (P) d3P ‘ 
2thLp) 3p B 
( AMhp) 3p v ( ) 
From the normalization condition of a particle-antiparticle system, 
(183) 


[Vv Fay Fre F =2, 


with the normalization relations (170) and (172), we obtain the normalization 
length as a function of the particle domain in the momentum space, with the 
relativistic factor depending on the amplitude of this momentum, 


le E+ 2) ere E .= 
Le ee peered P 
224P 2m E+m “Pm 


D2 
=| _ fit Gee 
A°P. m 


10. Scattering/tunneling of a quantum particle in electromagnetic field 


(184) 


The scattering/tunneling rate (73) of a quantum particle essentially depends on the 
matrix element of the scattering/tunneling operatorV . This operator for a particle 
in an electromagnetic field, is defined as a Hamiltonian perturbation of the 
dynamic equation (133) in the coordinate space, which determines a transition 
from the initial state y,,(7,t) to the final statey,, (7,1) , 
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in( S +a, = ) sage +AV— Pil vo(h t)=0 /y,' (Ft) a 

(185) 

vi Fa)| nf 2 rcie2, aah PF |=0 AW o(F.t). 
Ot x! 


From the difference between the first equation multiplied with y,,"(7,t) a) to left, 
and the second equation multiplied with a,y,, (7,1) to right 
ihy,,' (F.t) 


0 2 e 0 
Ot ~ Vio (Fat) +ihey,' (7.1) aoa i ay asl: t) 


+ Me*y,,| (Fst) eA Wyo (Fst) FW! (Ft) yy VW (F1) 


1 


— Pry,| (7,1) aWo (Ft) =0 


~iny, (Fav o(F.t)- ie Wil (Ft) a AW (Ft) 


Ot Ox! 


+ Mc7y,| (Ft) Wo (Ft) — PrY;,| (7,0) Wi (Ft) =0, 


we obtain the expression 


a - 0 r 
Va! (Ft) VY 0(7.t) = ih TA (7.1) 7°Wio(#.t) | 
(186) 


0 = 
cree) -| yu, (7.1) Wo (#0) |, 


depending on the Dirac operators y° =a), vy’ =a,a,. For the first term of this 


equation, with the wave function (180) for a particle, 


- 1 = PF aMc*+ca;P,) | _1 py > > 187 
VF aes Meare, OP 


we obtain the expression 
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Wai F.t)7Vo (Ft) 
fut (Blatant 


ye 


-2] PF (agMe? sie ae (P" 
(27hL, ) 
d>Pd>P' 


1 fut (Perea eis “| Bi eae "a (P) (188) 


d° Pd? P’ 


Late gE IEP Yo RP, 


= ai(P) 
2 ap) : (189) 
m 


We note that in the coefficient E (P)+m=Vm + P? +m, the small momentum 


variation AP <<m= Mc , which gives finite dimensions of the particle in the 
coordinate space, is negligible. We obtain the expression 


1  E+m fet” Pir all P\ ime Vere PrP) 


‘(7,t)y’y,,(7.t)= ‘ 
Ya Pt) Y Wool Ft) (27hL,) 2m 


Spek. pes seP \\l- 0 ae ree 
[: (P) a (P) ee .|| sp. |e Pa’P 
ES; reer 


1 E +m fer” PF aL? Pr o( Vic? +P? (M20? +P? )} 
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which, with the formula 


(GA)(GB) = AB+ig(AxB), (190) 
is 
is : (F1)Y'W, (7,t) E+m fea” eG Pile o( Vite? +P? — M202 4B? )i 


~ Im(2ahL,) 
a ee ee (191) 
1 EE a apeyener 


(E ae m) 
For the second term of (186), we consider the expression 
Vi (Ft) YW (Ft) 


1 fu (B)er™ eal” (ayMe? ee aaa lec Ae (Babee 
(27hL, i 


(P Py aL? Pi o([ Veet? We Nt (B)y'u(P)O POP, 


1 
(27hL, y J : 


which, with the particle spinor (189), is 


= i 


Z E+m fei” PF aL? Pi o( WMAP Pine? P?) | 
2m(2hL,) 


fie Sst fia EP 0 o, re 
a.(P) A : sP (a4 PPdP 
E+m * 
_ E+m fen” PP al? P)F o( Vit Vm?ct+P? | (192) 
2m(2xhL,) 


Vai (Ft) Vo (Ft) 


With the expression 
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O; =18 0 jO;,, (193) 


where €,, is the Levi-Civita symbol, we obtain 


ijk 


E+m fea” Bye (BP) Matra P| 


t(z j ay 
eNO 2m(2zhL,) ; 
a 5, O010,P” — =\ 0,0 ,P* 
a (A) (Fa it, '(?) =a A je Pa’P’ i894) 
es ed fei” Py all? Pi NMA APP) 
2m(27hL y 


iy (P™ +P*)a,' (P) oy, (P')a Par’. 


From (186) with (191) and (194), and the algebraic formula 


Pier o 


for a momentum conservation, P—P'=0 , when, in fact, no scattering/tunneling 
exists, we obtain a null matrix element of the scattering/tunneling operator, 


Vio = [yt Ft)VWo(F.t)b7r 
0 


O 2 = 
= inf) EL v.' (Pa)rva Fat) eA 0s Fat) Pt) fF 


enone lene ory 


— 


~ 2m(2ahL,) 


{(E+m)| (PPP Mire ire +P?) (196) 
1 ee ap 


+ie,c(P/-P")(P* + P*)at (P)o,a( P’)\a°7 =o. 


(E+m) 
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In a scattering/tunneling process, with a momentum variation P, =P, the matrix 


element takes the form 


°"(2 7 ; forPatPrenl” RPA) g|(P-P lee aro uF) 
a P 
f (PP )ar 
= A farParve” Pir (Vire +B? M20? Vl (BB) 
P 


6[(P-A)-(B-A)] 


: - j Beil be Mr hirer) r(P 
. 


ie. Se ~ ~ 
_ 1 Bf) —Phi-e{ YM? M2 FF | B pr 
=e i )s 


depending on the transition function, which, with (184), is of the form 


(198) 


Ris F (fore fireF)| 
(E+m) 


Fi ye( Py’ - PY) Ry! +P") (,)oa(F)}. 


L 


where|PI is the mean value of the amplitude of the canonical momentum P , 


considered approximately constant in a collision process. From Fermi’s golden 
rule, we obtain the scattering/tunneling rate in a channel (7) =(|i,),|i,),..- jiv)). 


ry =r (BPS (BP) e(a)- (199) 
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In a collisional process with the spin conservation, 


(B)->a(P\. a(B)=alp\al! 200 
mys 2 s)=a()=[ 4} = 


with the spin factor of the first term 
sear 1 (201) 
j Ne 2 = 
u (P,)a(P)=(1 a J=1+0=1, 


and the spin factor of the second term 


E. €,,—-1€, 1 
= l 0 < JRA Jk2 
( I... TIE ino ~E ing 0 (202) 


1 
Ney es: i850)(4 = € 43 9 


f (RF) =——{(E+m) 
2m4{1+ “hy 
Bi, Pi—( MP + — mre + PF) (203) 


a(f)ra(e), a()=(5). a(A)-(1). 204 


with the spin factor of the first term 
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(205) 


and the spin factor of the second term, 


: ~t (5 ~({ 5\ _:-t(B ~( pl 
1é 5,,U (P,)o,a( P’) =ia (B)(€ ps0 + p22 + Eps) a( P?) 


, E ing ik 1 —1é ik2 0 
=i(l 0 ie ee | (206) 
jkl jk2 E ig3 1 


St eas -i€4>) = Egg TIE ig,» 


Ney —P)(B + Pi*) (207) 


Conclusions 


In this paper, we described a quantum particle as a distribution of matter in a 
motion according to the general theory of relativity. Compared to the conventional 
quantum mechanics, where a quantum particle is described by a single wave 
function depending on coordinates and momentum, we described a quantum 
particle by two conjugate wave functions, in the two conjugate spaces of the 
coordinates and of the momentum. It is remarkable that, in this framework, the 
velocities of the waves in the coordinate space are equal to the velocity of the total 
distribution described by these waves — such a wave function in the coordinate 
space can be considered as a Fourier series expansion of a distribution moving in 
space, as the density amplitude of an entity called matter. In this framework, the 
continuous matter dynamics is described by a an inertial quantity of the time 
dependent phases of the Fourier components of the matter density, called mass, 
which, we take equal with the mass of the quantum particle given by the integral 
of this density in the coordinate space, or in the momentum space, as a 
quantization rule. We showed that, in the framework of the general relativity, a 
quantum particle described only by coordinates and momentum has no mass, in 
agreement with the Standard Model, and with the simple fact that such a particle 
has no volume — no volume, no mass. Thus, according to the general theory of 
relativity, we avoid the mass description of the Standard Model, as a coupling of 
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the quantum particle with the Higgs field. By the coupling of a quantum particle 
with a field described by a scalar potential conjugated to time, called electric 
potential, and a vector potential conjugated to the coordinates, we obtain the 
Lorentz force and the Maxwell equations. With the Dirac Hamiltonian, we derived 
the dynamic equations for the two wave functions in the two conjugated spaces, of 
the coordinates and of the momentum, which, compared to the similar equations 
in the quantum field theory, includes an additional term, depending on velocity 
and the electromagnetic potentials. We obtained the wave function for a particle- 
antiparticle system in an electromagnetic field, depending on spinors, the 
electromagnetic potentials, and the canonical momentum as a constant of motion 
coupling the mechanical momentum of the particle with the momentum of the 
electromagnetic field. With these wave functions we _ obtain the 
scattering/tunneling rate in a collision process for the two possible cases, with the 
spin conservation, or with the spin inversion. 
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